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Dynamic Effects of Piezoactuators on the
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Dynamic effects of the mass and stiffness of a piezoactuator ring surface-bonded to a cylindrical shell are
investigated. Wave propagation techniques are used. A curved actuator model (which neglects actuator mass and
stiffness) developed in a companion study is compared with the composite model (case) involving properties of the
actuator also. The curved model in general compares well with the composite case for low off-resonance frequencies
where the modal densities are low. The model predicts the response well even up to half the shell thickness. At
resonances, the dynamic effects of the actuator are significant, and since the model neglects these effects, the
comparison is poor. However, for small thickness the model predicts reasonably well. At high frequencies where
the modal densities are high, the response of the model differs significantly from the composite case. It is seen
that at resonances the mass effect seems to dominate at higher thickness of the actuator. Because of this, there is
evidence that the model will do better for smaller size of actuators.

Introduction

P IEZOACTUATORS in application to active structural acoustic
control (ASAC) have generated a significant interest in the re-

cent past.1"9 They offer several advantages over the conventional
point actuators, including their low weight, low cost, space effi-
ciency, and others. Studies have shown that bimorph configured in-
phase driven actuators have potential for reducing control spillover
in AS AC of cylindrical shells.6'7

In a companion paper,10 an analytical model for a curved bimorph
in-phase driven actuator pair was derived in which approximate ex-
pressions for the equivalent forces exerted on the cylindrical shell
were determined. Several simplifying assumptions were made. The
actuators and the shell were assumed perfectly bonded, which re-
sulted in the absence of interfacial shear stress and the continuity of
normal strain across the interface. It was assumed that the Poisson's
ratios of the actuator and the shell material were equal. Also, the
Young's moduli, the thicknesses, and the Poisson's ratios of the
layers involved were assumed constant within the actuator patch
boundary. The composite was assumed thin in relation to the shell
radius, thus making Love's thin-shell theory applicable. From the
composite element in static equilibrium, an estimate of the equiva-
lent forces exerted by the piezoactuator on the shell was obtained.
These equivalent force expressions were directly incorporated in
the dynamic shell equations. This implies that the shell behaves
in a manner as if a force was exerted without the dynamics (stiff-
ness and mass effect) of the actuator. Static stiffness of the actuator
was accounted for by estimating the magnitude of the force resisted
separately by the actuators and the shell. It is evident that several
of these small piezoactuator patches will be required to achieve
ASAC of a large cylindrical shell. Thus, the static and dynamic ef-
fects of the multiple actuators will no longer be negligible and will
affect the system response by changing the natural frequencies of
the original shell. In this investigation, an estimate of the dynamic
effect of the actuator stiffness and mass is presented. Also, the ac-
tuator thickness range, the excitation frequency range, and the shell
modes for which these models give accurate results for a particular
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size shell are determined, thus verifying the accuracy of the static
curved model derived in the companion paper.10

The response of a system consisting of a simply supported fi-
nite cylindrical shell with a piezoelectric actuator ring bonded
(inside and outside) all around the circumference at the centerline
of the shell is considered (Fig. 1). The x direction line force and
the transverse pressure force are considered separately. Response
due to 0 direction in-plane line force is not possible using this con-
figuration, but the behavior may be deduced from the equivalent
forces considered. Also, the responses are computed separately for
each circumferential mode order, i.e., the equivalent force has a
cos(n0) profile around the shell circumference. A wave approach is
used in obtaining the response. The wave approach makes it easier
to study the effects of actuator stiffness and mass simultaneously
and separately. Also the curved model developed in Ref. 10 can be
used with the wave approach in obtaining the response that gives a
comparison between accounting for the actuator effects and neglect-
ing them. In the composite portion of the cylinder/actuator system,
an equivalent modulus approach is employed. This is valid because,
first, it is assumed that the combined shell and actuator system are
thin and Love's shell theory is applicable, and second, the structural
wavelengths at the frequencies of interest are much larger than the
combined shell and actuator thickness.

Since the approach involves the propagation of waves, a brief
introduction to wave behavior in cylindrical shells is presented in
the following section before dealing with the details of the shell
response.

Waves in Cylindrical Shells
The composite equations of motion for a cylindrical shell bonded
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Fig. 1 Cylindrical shell with inside and outside surface-bonded ring
piezoactuators.
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with piezoactuators on the inner and the outer surface are given
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where F^ and Fy are the Young's moduli of the piezoactuator and
the shell, respectively, /z is the assumed Poisson's ratio (same for
both shell and piezoactuator), and a is the radius of the shell. The
variables SXX9 See, and SXQ are the membrane strain vector com-
ponents, whereas Kxx, KQQ, and KxQ are the bending strain vector
components.11 The variable hi is the thickness of the cylindrical
shell, and /z2 is the thickness of the actuators (both actuators have
the same thickness). The variable ph stands for the summation of
the product of the density and thickness for each of the layers in the
composite. It is explicitly written as ]T\ p//z/ , where the index i. = 1
for the shell and i = 2, 3 for the piezoactuators. The variables A^
and AJ} represent the free strain components of the piezoactuator in
the axial and the circumferential directions, respectively. The vari-
ables 8ti and 8hi represent the distances of the top and the bottom
layers of the shell from the neutral axis of the composite. These
distances are given by <5,2 and 8b2 for the piezoactuators. For the
actuator on the inner surface they have negative values. The ax-
ial, torsional, and transverse displacements are given by UX,UB, and
uz, respectively. Details of the preceding equations are given in a
companion paper10 and in Ref. 14. In the preceding equations the
piezoactuator terms may be dropped if homogenous shell equations
are required. Since the inherent composite shell wave behavior is
investigated, for the time being, the right-hand side piezoelectric
forcing terms are ignored.

The relation between frequency and wave number (commonly
known as the dispersion relation) for the composite shell is found
assuming the following solution12:

Uxns cos(n6>) &xp(-jknxx + ja>t + jn/2) (4)
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Waves in a homogenous cylindrical shell (two-dimensional
= 0.75m and hl = 0.002m.

where the variable n refers to the circumferential mode number,
and kns refers to the wave number where s is the wave type (trans-
verse, nearfield, torsion, and axial) associated with a particular wave
number. The variables Uxns, Uens, and Uzns are the axial, torsional,
and transverse displacements related to the specific wave numbers
kns. Substitution of these solutions in the equations of motion (1-3)
results in the dispersion relations that may be written in a matrix
notation as

ID]
'Uxns

= 0 (7)

The expression for D using Love's shell theory is given in Ref. 13.
The roots of the determinant of D are the required wave numbers.
For a cylindrical shell the determinant is eighth order, and so eight
values for the wave number are obtained. Thus, four waves prop-
agate in the positive jc and four in the negative x direction. These
waves include a propagating wave primarily in the transverse direc-
tion (s = 1), a transverse near-field effect (s = 2), a propagating
wave primarily torsional (s — 3), and the last propagating and pri-
marily axial (s = 4) (see Fig. 2). Each of the four waves has a
maximum amplitude in one direction (known as the primary direc-
tion) and also components in the other two coordinate directions.
This is due to coupling resulting from the shell curvature. Once the
wave number is computed, the fraction of motion in the other two
directions may be obtained by substituting the wave number in the
dispersion relation. Absolute magnitudes are obtained only after the
amplitude is obtained in the primary direction. For the present, only
the ratios are known. For example, wave 4 (£n4) is primarily axial,
and thus its fractional components in the transverse and circum-
ferential directions (Uzn4/Uxn^ and Uen4/Uxn4) may be obtained by
substituting the value of the wave number in the dispersion equation.
Any two of the three equations may be used.

The frequency dependence of the wave numbers is shown in Fig. 2
for a cylindrical shell of homogeneous material of radius a 0.75 m
and thickness h 0.002 m. The numbers next to the curve denote the
particular wave. The symbol R refers to purely real or propagating
waves, I to purely imaginary or near-field effects, and S to complex
waves. A small amount of damping is assumed in the shell mate-
rial to simulate a more realistic system and is incorporated into the
equations using a complex Young's modulus. The low-frequency
behavior is quite different from that of the high frequency. This is
because of the significant coupling caused by the curvature at low
frequencies. The frequency behavior at high frequencies is simi-
lar to that of a flat plate (waves 1 and 2), a torsional (wave 3),
and a longitudinal rod (wave 4). The frequency axis is normalized
with respect to the extensional wave speed in the material. At the
frequency value equal to 1 (known as the ring frequency), it may
be seen that the torsional wave has already cut on and the trans-
verse wave number rises sharply (see Fig. 2). In acoustic radiation
of cylinders the ring frequency is of significance because typically
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transverse modes that cut on below the ring frequency radiate sound
efficiently. This is because the structural wave number is smaller
than the acoustic wave number, thus making the wavelength longer.
This is quite unlike flat plates where below coincidence (a condition
where the acoustic wave number equals to the structural wave num-
ber) the acoustic wave number is smaller than the structural wave
number. This phenomenon in cylinders is again due to the curvature
that couples the membrane and flexural behavior.

The curved thin bimorph configured in-phase driven piezoactua-
tors surface bonded to a cylindrical shell exert the following equiv-
alent forces:

+ 2[Ype/(l -

Shell Response Due to Various Piezoactuator
Equivalent Forces

In this section, the mathematical details of obtaining the response
of a finite simply supported cylindrical shell bonded with two rings
of piezoactuators (one inside and one outside) are presented (Fig. 1).

As explained in the previous section, the wave number kns is de-
pendent on the shell material constants, the radius, the thickness,
and the frequency. The roots of the determinant in Eq. (7) give the
wave number values. Thus, the unknowns in Eqs. (4-6) are ampli-
tudes of the various waves Uxns, U0nS9 and Uzns. The shell actuator
system is divided into three regions (Fig. 1). Regions 1 and 3 rep-
resent the homogenous shell region, and 2 is the composite region
with the piezoactuators. Since eight waves are present in each of
the sections, there are 24 wave amplitudes to be solved for. These
are solved using boundary conditions and continuity conditions. For
a simply supported cylindrical shell, four boundary conditions are
required at each end for uniqueness. These conditions are

UQ =0

uz = 0
(8)

where UQ and uz are the tangential and transverse displacements,
and Nxx and Mxx are the axial force and axial moment resultants,
respectively. At the first (between regions 1 and 2) and second (be-
tween regions 2 and 3) interfaces (shown as Dl and D2), eight
continuity equations are required. These include the continuity of
ux, UQ, uz,duz/dx, Nxx, Nxd, Qxz, and Mxx. The expressions for
each of the variables are given in Ref. 11. Thus, we have 24 un-
knowns and 24 equations that can be easily solved. To include the
dynamic mass and stiffness effect of the piezoactuators the wave
numbers kns are solved using the composite equations (1-3). To in-
clude either the stiffness or the mass, the wave numbers are obtained
by setting the appropriate variable (density or Young's modulus) in
Eqs. (1-3) to zero. Similarly, the homogenous shell wave numbers
are obtained by setting both the density and Young's modulus of the
actuator to zero. The final set of equations have the form

Ay = B (9)

where A is a 24 x 24 matrix, y is the vector of the 24 wave amplitudes,
and B is the vector involving external forces. Methods to include
the forcing are discussed separately as each equivalent force model
is evaluated in the following sections.

In the following sections the response of a simply supported cylin-
drical shell bonded with two rings of piezoactuators (one on the
inside and one on the outside) is presented (Fig. 1). The axial cen-
terline of the actuators coincides with that of the shell. The cylinder
has a length L of 3.0 m, a radius a of 0.75 m, and thickness h equal to
0.002 m. The shell material (steel) has a Young's modulus of 2.01 el 1
N/m2 and a density of 7850.0 kg/m3. The piezoceramic actuator has
a Young's modulus of 0.61 el 1 N/m2 and a density of 7000.0 kg/m3.
Both the materials are assumed to have a Poisson's ratio of 0.31
due to reasons discussed in Refs. 10 and 14. The *-direction line
force and the transverse pressure are considered. Various cases are
studied to estimate the dynamic effect of the actuator stiffness and
mass. The response to a 0 in-plane line force may be deduced from
the results due to the equivalent forces considered. Because of lim-
itations on the length of the manuscript, only a few of the cases
studied are presented.

Ffl = 2-
(10)

[r./d -
+ 2[Ype/(l ~

where Fx is a line force in the in-plane x direction, F$ is a line
force in the in-plane 9 direction, and Fz is the transverse z direction
pressure load. For details see Refs. 10 and 14.

Shell Response to x Line Force
In presenting the response due to the x -direction line force (see

Fig. 3) exerted by the piezoactuator, four different cases, are investi-
gated for every circumferential mode n and frequency combination.
For the first case, the actuator model developed is used [i.e., the
shell is homogenous with an applied force, Eq. (10) Fx], the second
involves the full composite shell/actuator system [in computing the
wave numbers the actuator stiffness and density are used, and the
equivalent forces are the right side of Eq. (1)], the third case accounts
only for the actuator stiffness (in computing the wave numbers for
the composite region, the density is set to zero), and the fourth case
involves only the density of the system (in computing the wave
numbers for the composite part the stiffness is set to zero).

For the curved model case the x -direction line force expression
is given by

&i = 2-.
- /z2)]/*! + 2[Ype/(l -

which is the expression from the curved model derived in Ref. 10.
For the other three cases, the force expression is given by the right-
hand side of Eq. (1), which includes both the shell and actuator
properties, reproduced next for convenience,

(12)

The axial line force is exerted as shown in Fig. 3.

Inner and outer Piezo-actuator
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Fig. 3 Cylindrical shell with inside and outside surface-bonded ring
piezoactuators, x line force.
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Figures 4-8 show the response of the shell to the axial line force
at a point (x = 2.25, 9 = 0.0) as a function of thickness ratio (ac-
tuator/shell thickness). The reason for choosing x = 2.25 is that for
a 3-m-long shell it corresponds to a point away from the nodes of
several odd axial order modes. The circumferential force profiles
investigated include n = 1, 2, 3,4, 15, and 1.6. But only resonances
and off-resonances for n = 3 and 4 and an off-resonance for n = 15
are shown due to limitations on the length of the manuscript. Re-
sults of the other profiles are included in discussing the general
trends. Each figure has four lines that, as mentioned earlier, are for
the curved actuator model and the three cases with both actuator
stiffness and density included, only stiffness included and only den-
sity included. For convenience in presentation, "model" will stand
for the curved actuator model, the case including both the stiffness
and density of the actuator will be known as the composite case or
(plot), and the cases with either the actuator stiffness or mass will
be known as the stiffness and the mass cases (plots), respectively.
The frequencies and the resonant mode numbers are shown in the
captions.

In general, at off-resonance frequencies the curved model com-
pares well with the composite case at times even up to half the
thickness of the shell (see Figs. 5 and 7). Typically, the composite
response is less than the cases involving stiffness or the mass ex-
clusively. This is because away from resonance both of these prop-
erties reduce the response and the combination of the two has an
even stronger reducing effect. At resonance frequencies, the model
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Fig. 4 Shell response as a function of thickness ratio; x line force and
(3,3) mode resonance frequency of 394 Hz.
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Fig. 6 Shell response as a function of thickness ratio; x line force and
(3,4) mode resonance frequency of 271 Hz.
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Fig. 5 Shell response as a function of thickness ratio; x line force and
n = 3 off-resonance frequency of 318 Hz.
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Fig. 7 Shell response as a function of thickness ratio; x line force and
n = 4 off-resonance frequency of 398 Hz.

matches the composite case at most up to 0.5 mm, which is a fourth
of the shell thickness (see Figs. 4 and 6). This trend is seen for n = 1
and 2 also. Beyond this thickness, the dynamic effects of the actuator
dominate. The composite case and the mass case increase with thick-
ness up to a point and then start going down beyond that point. The
reason is that the axial line force increases with thickness and at low
thicknesses the increasing force dominates, but beyond a point the
increased mass of the actuator begins to reduce the response. Thus,
it appears that the mass is the dominant effect near resonances. It is
an indication that for smaller actuators the mass effect will not be so
strong and the curved model will compare better with the compos-
ite case. Similarly, stiffness appears to be the dominant effect at off
resonance frequencies since the composite plot tends to follow the
stiffness case. At high frequencies where modal densities are high,
several modes contribute even at off-resonances, and thus the model
matches the composite case only up to one-fourth thickness ratio. At
the higher order circumferential modes (Fig. 8, including the cases
not shown), the four plots differ from each other considerably, and
also the amplitudes of response are lower. This may be because the
axial force does not couple so well into these higher order modes at
high frequencies and the effects of different parameters (mass and
stiffness of actuator) may be causing a stronger coupling between
the force and shell. At this point it is unclear as to why the model
performs so poorly for high circumferential orders. In active noise
and vibration control (ANVC), the lower circumferential order shell
modes radiate most of the noise,6 and thus tailoring of piezoactuator
dimensions, the location, and number to excite only the low n modes
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Fig. 8 Shell response as a function of thickness ratio; x line force and
n = 15 off-resonance frequency of 1250 Hz.

is of significant interest. Under such conditions of excitation the cur-
rent actuator model will perform well since responses at low n match
the composite response.

Shell Response to Transverse Pressure
In this section, the response of the same cylindrical shell (with

two rings of surface bonded actuators) to transverse pressure force
is analyzed. The pressure has the variation of a particular circum-
ferential mode in the 0 direction (i.e., n = 1, 2 , . . . , etc.). As in the
previous section^ the pressure force model developed in Ref. 10 is
compared with the "true" pressure force exerted when the actuator
stiffness and mass effects are accounted for. Also, the responses of
the shell with either the stiffness or the mass included are presented
to understand the effects of these factors.

To include the pressure load, the following forcing function is
chosen:

Pz cos(n9) (13)

where Pz is the constant pressure amplitude independent of x with
a cosine profile in the 6 direction. Thus, the shell equations are
given by
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where NXQ and MX0 are the shear force and twisting moment
resultants, and'Afoa and MQQ are the force and the moment resultants
in the 0 direction, respectively. Also ps is the density of the shell, hs
the thickness, and a the radius of the shell. In deriving these equa-
tions transverse shear strains and rotational inertia are neglected.

Since the forcing function is independent of ;c, the following
particular solutions are assumed:

= Ux

— UBmn sin(n9)

= Uz

(17)

and in the shell equations (14-16) the *-dependent terms are
dropped. Substituting the stress and strain expressions from Ref. 10

for the stress and moment resultants, and dropping the *-dependent
terms, the equations may be given by

O T=o

•(--**<--<*><}<\ a2 a J
~Kc--Dc)Uzmn=0

n*- n^ I
(18)

- ——-Dc - —Kc + pha>2 \Uzmn = Pz\ a4 a2 )
where the variables Kc and Dc represent the composite membrane
and bending stiffness, respectively. The variable ph is the sum of
the products of density and thickness of all layers in the laminate.
Three constants are defined as follows:

Oil = ~

Dcn2 Kcn2\
~cS~~~dr)

(19)

= phco2 -2 Dcn4
2 Kc

The solution thus is given by

uxmtt-=o

_
uzmx —

(20)

The total solution is given by the sum of this particular solution and
the homogenous solution given in Eqs. (4-6),

Uxns cos(n6>)
.¥=1 n=()

x exp(-;^,jc + jcot + jn/2) + Uxmaeja*

4 oo

U0ns sin(n9) exp(-jknxx + jcot) + ^mn^ (21)

^ cos(n<9) exp(-jkn,x + jfa>0 + Uzmnejcotuz =

The boundary and continuity conditions are the same as the x line
force case except that everywhere the particular solution is added.
The equations are again given in the form

Ay = (22)

Since the particular solution is known, several terms in the A ma-
trix are known. These terms become the right-hand side forcing
functions.

In presenting the response due to the transverse pressure load
exerted by the piezoactuator, five different cases are presented for
every circumferential mode n and frequency combination. For the
first case, the actuator model developed is used [thus, the shell is
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Fig. 9 Cylindrical shell with inside and outside surface-bonded ring
piezoactuators; transverse pressure.
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Fig. 10 Shell response as a function of thickness ratio; transverse pres-
sure and (3,3) mode resonance frequency of 394 Hz.
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Fig. 11 Shell response as a function of thickness ratio; transverse pres-
sure and n = 3 off-resonance frequency of 318 Hz.

homogenous with an applied pressure, Eq. (10) Fz}\ the second
involves the full shell/actuator system [in computing the wave num-
bers the actuator stiffness and density are used, and for equivalent
force the right side of Eq. (3) is used]; the third case accounts only
for the actuator stiffness (in computing the wave numbers for the
composite region, the actuator density is set to zero); and the fourth
case involves only the density of the system (in computing the wave
numbers for the composite part the stiffness is set to zero). Thus, for
the curved model case the pressure load expression is given by Fz in
Eq. (10). For the other three cases, the force expression is given by
right side of Eq. (3). The fifth and last case also involves the right
side of Eq. (3) but with the actuator mass and stiffness set to zero.
The pressure load is exerted as shown in Fig. 9.

The results investigated include a resonance and an off-resonance
case for each of the circumferential modes rc = 1, 2, 3,4, 15, and 16.
But only resonance and off-resonance cases for n = 3 and 4 and an
off-resonance case for n = 15 are shown. This is to limit the length
of the manuscript. However, all the investigated results are used in
presenting the discussion.

Figures 10-14 show the response of the shell at x = 2.25 m for
the five different cases mentioned as the actuator/shell thickness ra-
tio is varied. Figures 10 and 11 are for n = 3, Figs. 12 and 13 for
n = 4, and Fig. 14 for n = 15. Figures 12 and 13 for n = 3 and 4 cor-
respond to a resonance and an off-resonance frequency. In general
(from all cases investigated), from the composite response and those
with either mass or stiffness and for off-resonance cases at lower n
numbers, neither the mass nor the stiffness of the actuators seems
to have a significant effect on the response. This may be seen by
comparing with the case that has no actuator property but is forced
by Eq. (3). The responses are very close even up to a thickness of 1.5
mm (shell thickness is 2 mm). This behavior is seen even for high
n cases at low off-resonances (not shown) and resonances. This is
not the case for higher order n at high frequencies. It may be that
the longitudinal wave generated by the pressure in the z direction
is resisted mainly by the shell and its supports so that the actuator
properties do not contribute to the resistance. The reason for this
behavior is not fully clear, but it appears that the expression given
by right side of Eq. (3) is a good model for low off-resonance fre-
quencies for all n. The model thus will predict the response with
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Fig. 12 Shell response as a function of thickness ratio; transverse pres-
sure and (3,4) mode resonance frequency of 271 Hz.
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Fig. 13 Shell response as a function of thickness ratio; transverse pres-
sure, and n = 4 off-resonance frequency of 398 Hz.
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Fig. 14 Shell response as a function of thickness ratio; transverse pres-
sure and n = 15 off-resonance frequency of 1250 Hz.

reasonable accuracy if the actuator parameters (size, location, etc.)
are tailored to excite lower n modes of the shell.

The piezoactuator equivalent forces are derived using simple
force balance equations and hence are related to one another. Thus,
even though the exact behavior of the shell to the 0 line force cannot
be predicted using this configuration, it can be said with sufficient
confidence that the derived model will predict the response at low
n resonances and off-resonances. And for the shell size chosen the
corresponding thickness ratio limits will be 0.25 and 0.5.

Conclusions
x Line Force

Some generalizations may be made from the cases studied ear-
lier. The curved model performs reasonably well at off-resonances
even up to half the shell thickness for low-circumferential modes.
In contrast, at resonance frequencies the dynamic effects of the ac-
tuator take over much earlier. The model in most resonance cases
for low n is valid at most up to 0.25 of the shell thickness. The mass
of the actuator seems to be the dominant effect at resonances so
that small-sized actuators promise to do better. The axial line force
does not couple well into higher order circumferential modes. The
response is low, and the model differs significantly from the other
cases. However, as mentioned earlier, if the actuator dimensions
and other control parameters are tailored for low-circumferential
shell mode excitation, the current model will represent the response
reasonably well.

Transverse Pressure
For the pressure load, the force expression in the composite shell

Eq, (3) performs far better than the derived model expression. The
reason at this point is unknown, but it appears that at off-resonances
and at resonances the actuator mass or the density has small effect
on the response. For off-resonance the effect is negligible even up
to half the thickness of the actuator, whereas for resonances it is
up to quarter thickness of the shell. Based on the pressure model,
the 0 line force expression may be obtained that is the line force
expression in Eq. (2).
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